Abstract. In this article we extend the notion of orthogonal metric space to weak orthogonal metric space. Then we establish fixed point results for a mapping satisfying a more general contraction condition. Several nontrivial examples are given in support of our obtained results. 
Introduction and Preliminaries
This section is a prelude which leads us into the main results. Here we present some basic definitions and results that are prerequisite for the main results of this manuscript. We begin this section by recalling the definition of an orthogonal set.
Definition 1.1. [2]
Let X be a non empty set and ⊥ be a binary relation defined on X × X. Then (X, ⊥) is said to be an orthogonal set (briefly, O-set) if there exists x 0 ∈ X such that (∀y ∈ X, x 0 ⊥ y) or (∀y ∈ X, y ⊥ x 0 ).
The element x 0 is called an orthogonal element. An orthogonal set may have more than one orthogonal element. Example 1.2. Let X be a normed linear space. We define x ⊥ y if ||x + λy|| ≥ ||x|| for all λ ∈ C. Then for all y ∈ X, there exists x = θ ∈ X such that ||x + λy|| ≥ ||x|| for all λ ∈ C. This shows that (X, ⊥) is an orthogonal set.
For more examples and properties of orthogonal sets and orthogonal metric spaces, the reader are refereed to see [1, 2] . Now we introduce the definition of a weak orthogonal set. Definition 1.3. Let X be a non empty set and ⊥ be a binary relation defined on X × X. Then (X, ⊥) is said to be a weak orthogonal set (briefly, O w -set) if there exists x 0 ∈ X such that ∀y ∈ X, x 0 ⊥ y or y ⊥ x 0 .
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The element x 0 is called a weak orthogonal element. Likewise an orthogonal set, a weak orthogonal set has more than one weak orthogonal element.
Two elements x, y ∈ X are said to be orthogonally related if x ⊥ y or y ⊥ x.
Remark 1.4. From the definition, it is clear that every orthogonal set is a weak orthogonal set but the converse is not true. The following examples show the a weak orthogonal set is not an orthogonal set.
Example 1.5. Let us set X = R and we define a binary relation ⊥ on X by
It is very easy to check that ⊥ is a weak orthogonal relation but it is not an orthogonal relation. For all x ∈ X with x ≥ 0, we have 0 ⊥ x and for all x ≤ 0, we have x ≤ 0. Hence, (R, ⊥) is a weak orthogonal set. Note that this set is not an orthogonal set since there exists no element x 0 ∈ X such that for all x ∈ X, x 0 ⊥ x or for all x ∈ X, x ⊥ x 0 holds. Also note that every element in X is a weak orthogonal element. Example 1.6. Let us consider the linear space M n×n (R) and S = {A ∈ M n×n (R) :
Clearly for all positive semidefinite matrices A ∈ S, A ⊥ 0 and for all negetive semidefinite matrices A ∈ S, 0 ⊥ A. Therefore (S, ⊥) is a weak orthogonal set. Example 1.7. Let H be a an infinite dimensional Hilbert space and S = {P, I + P : P is an orthogonal projection operator}. Now we define a binary relation ⊥ on S as P 1 ⊥ P 2 if P 1 ≥ P 2 . Therefore for all P ∈ S, we have either P ⊥ I or I ⊥ P . Hence (S, ⊥) is a weak orthogonal set.
In the following lines, we extend the notions of orthogonal sequence and Cauchy orthogonal sequence to weak orthogonal sequence and Cauchy weak orthogonal sequence respectively.
Similarly, a Cauchy sequence {x n } n∈N in X is said to be a Cauchy weak orthogonal sequence (briefly, Cauchy O w -sequence) if ∀n ∈ N, 
Clearly, for all m ∈ N with n = 2m + 1, x n ⊥ x n+1 and n = 2m, x n+1 ⊥ x n . This shows that {x n } n∈N is a weak orthogonal sequence but not an orthogonal sequence. 
The authors of [2] defined O-continuity and Banach ⊥-contraction as follows:
for all x, y ∈ X with x ⊥ y.
Here we would like to draw the reader's attention to a basic difference between the Banach contraction in metric spaces and orthogonal Banach contraction in orthogonal metric spaces. It is very well known that in metric space, every Banach contraction mapping is continuous mapping. But in orthogonal metric space, Banach ⊥-contraction does not give the guarantee of orthogonal continuity of the mapping. In this regard, we present the following simple example. Therefore, for all x ∈ X, there exists 0 ∈ R such that 0 ⊥ x and hence, (X, ⊥, d) is an orthogonal set. We define a mapping T : X → X by
, otherwise.
At first we show that T is a Banach ⊥-contraction. For all nonzero x, y ∈ X with x ⊥ y implies either x, y ∈ Q or x, y ∈ Q c which implies that
Let x = 0 and y ∈ R be a nonzero number. Then it is easy to check that
Note that T is not a Banach contraction. For example, let x = 1 and y = 1+
holds. Next, we claim that the mapping T is not O-continuous. To show this, we consider the sequence {x n } n∈N in X where x n = 1 +
, for each n ∈ N. Clearly, {x n } n∈N is an orthogonal sequence converging to e. It is easy to check that T x n → e 3 = T (e) = 0, i.e., T is not O-continuous.
Therefore to establish fixed point results in orthogonal metric space, we need to assume the condition of O-continuity of the mapping which is already defined in [2] . Now we are interested to extend the idea of O-continuity to orbitally O-continuiuty and then orbitally weak O-continuity.
By the notation O T (x), we define the orbit of T at x ∈ X, i.e.,
Example 1.18. Let X = (0, ∞) and we define x ⊥ y if xy ≤ x or y. Then for all y ∈ X, there exists
Here, we claim that
Proof. (A)
To prove this, we consider the following cases: Case-I: Let us consider x ∈ (0, 1). Then
Similarly for x > 1,
The above two cases deduce that (X, ⊥, d) is a T -orbitally O-complete metric space. Let us consider a sequence {x n } n∈N in X such that x n = 1 n for all n ∈ N. Clearly this sequence is Cauchy O-sequence but it is not convergent in X.
for all n ∈ N. Clearly this sequence is O-sequence and convergent to 1. For all n ∈ N, T x n = 2 and T 1 = 1 which implies that T is not an O-continuous function. It is easy to check that T is orbitally O-continuous function.
Subsequently, we define the followings: Definition 1.19. Let (X, ⊥, d) be a O w -metric space and T be a self mapping on X. Then T is said to be orbitally O w -continuous at z if every O w -sequence {x n } n∈N ∈ O T (x), for any x ∈ X, y n → z =⇒ T y n → T z. Definition 1.20. Let (X, ⊥, d) be a O w -metric space and T be a self mapping on X. Then X is said to be T -orbitally O w -complete if every Cauchy O w -sequence {y n } n∈N ∈ O T (x), for any x ∈ X, converges in X.
main results
This section comes up with the definition of generalized orthogonal contraction in weak orthogonal metric space and it presents a fixed point result concerning the maps. for all orthogonally related elements x, y ∈ X and Proof. Since, X is a weak orthogonal set, there exists at least one element x 0 ∈ X such that ∀y ∈ X, (x 0 ⊥ y or y ⊥ x 0 ). This implies that x 0 ⊥ T x 0 or T x 0 ⊥ x 0 . Let us consider the iterated sequence {x n } n∈N where x n = T n x 0 for all n ∈ N. Since T is a weak ⊥-preserving map, we must have either
Therefoe we must have
for all n ∈ N. Hence, one can obtain
and d(x n , x n+1 ) → 0 as n → ∞. Next, we show that {x n } n∈N is a Cauchy O w -sequence. For all m > n,
This shows that {x n } n∈N is a Cauchy O w -sequence. Since, the space X is Torbitally O w -complete, there exists some z ∈ X such that x n → z as n → ∞. We claim that z is a fixed point of T . Given that T is orbitally O w -continuous function, i.e., for every weak Osequence {x n } n∈N ∈ O T (x 0 ) converging to y, we have T y n → T y as n → ∞.
Since the sequence {x n } n∈N is itself a O w -sequence converging to z, we must have that T x n → T z as n → ∞. Therefore, T z = lim n→∞ T x n = lim n→∞ x n+1 = z, i.e., z is a fixed point of T .
Finally, we prove the uniqueness of fixed points. Let us consider w is an another fixed point of T . Then we have either x 0 ⊥ w or w ⊥ x 0 . As T is a weak orthogonality preserving mapping, for all n ∈ N, x n ⊥ w or w ⊥ x n . Then
Now we consider the following possibilities:
Then one can immediately check that d(x n , w) → 0 as n → ∞, i.e., the sequence {x n } n∈N converges to w.
Passing through the limit n → ∞ in the above inequality, we get d(x n , w) → 0, i.e., {x n } converges to w.
Repeating the above process in a similar manner, we have
Thus by routine calculation one cen observe that
Passing through the limit n → ∞ in the both cases, we obtain x n → w.
Therefore we observe that the sequence {x n } n∈N converges to w. Since the limit of a sequence is unique, we must have that z = w.
The existence of a fixed point of the mapping T in the above theorem can be established under the following condition instead of orbitally O w -continuity of T .
(O1) Suppose {x n } n∈N is a O w -sequence in O T (x), for some x ∈ X, converging to z. Then {x n } n∈N has a subsequence {x n k } k∈N such that ∀k ∈ N, Proof. Continuing in a similar fashion of the proof of the above theorem, let us consider that the Cauchy O w -sequence converges to z. We prove that z is a fixed point of T . If possible, let z be not a fixed point of T . Then we must have that d(z, T z) = λ > 0. By the property (O1), x n k ⊥ z or z ⊥ x n k for all k ∈ N which implies that T x n k ⊥ T z or T z ⊥ T x n k for all k ∈ N. By using the generalized contraction of T , we deduce that
Passing through the limit n → ∞ in the both sides of the inequality, we get
Therefore, we must have that z is a fixed point of T . The uniqueness of fixed point can be proved in a similar way of Theorem 2.2.
Remark 2.4. It is worth to note that the contraction condition which we consider
here is more general than the contraction condition due toĆirić [4] . Therefore, one can easily access the fixed point result for the mapping satisfyingĆirić contraction condition from our results in weak orthogonal metric space. Also, we can obtain fixed point results for the mappings satisfying Kannan contraction [5] and Chatterjea contraction [3] from the above results in this structure.
In support of our main result, we present the following example.
Example 2.5. Let us set X = {0, 1, 2, 3, 4} and consider an arbitrary binary relation R on X as
For any two elements x, y ∈ X, x ⊥ y if (x, y) ∈ R. Clearly, (X, ⊥) is not an orthogonal set but it is a weak orthogonal set as for all x ∈ X, there exists y = 0 such that (0, x) ∈ R or (x, 0) ∈ R.
We define a mapping T : X → X by
Except (x, y) = (4, 0), for all (x, y) ∈ R, (T x, T y) ∈ R. Observe that (T 4, T 0) = (2, 0) / ∈ R but (0, 2) ∈ R. This shows that T is a weak ⊥-preseving mapping. Next we check the contraction condition. Note that for all x, y with x ⊥ y, we have d(T x, T y) ≤ kd(x, y) for some k ∈ [0, 1) except the point (3, 4) . We show that T satisfies the generalized contraction condition. For (x, y) = (3, 4),
Therefore, for all x, y ∈ X with x ⊥ y, we have
i.e., T is a generalized ⊥-contraction mapping. Now,
Observe that for all x ∈ X, O T (x) contains a constant sequence. This implies that X is T -orbitally O w -complete metric space and T is also O w -continuous map. All the conditions of our theorem are satisfied. Here, x = 0 is the unique fixed point of T .
3.
Answer to the question posed in [2] We have already mentioned that the authors of [2] defined the concept of Ocontinuity. They proved that every continuous function is O-continuous but the reverse implication does not hold in general. In that connection, they raised the following question on the inner product spaces.
Open Problem 3.1. Let X be an inner product space with the inner product ., . . We define an orthogonal relation ⊥ on X as x ⊥ y if x, y = 0. Let
The authors of [6] tried to answer of this question and claimed that in an inner product space, every O-continuous function is continuous. Here we reinvestigate that problem and observe that their claim was not right, i.e., there may exists an O-continuous function which is not necessarily continuous in inner product spaces.. In this purpose, we construct the following example of an O-continuous function in the standard inner product space R 2 which is not continuous. Clearly, (X, ⊥) is an orthogonal set as for all x ∈ X, θ, x = 0 where θ = (0, 0). Let us define a function F : X → X by
We prove that this function is O-continuous at θ = (0, 0) but not continuous at that point. Before showing that, we claim the followings:
(A) there exists no orthogonal sequence {x
) can not be a limit point of any orthogonal sequence.
Proof. (A) Let us consider there exists an
) for some i ∈ N 0 and all n ∈ N. Then
= 0 for all i 0 ∈ N 0 and n ∈ N which contradicts that {x (n) } n∈N is an orthogonal sequence. ), for some k ∈ N, be a limit point of an orthogonal sequence {x (n) } n∈N . Let us choose a number ǫ > 0 such that ǫ < 1 k+1
. Then for every such choice of ǫ > 0, we can found n 0 ∈ N such that x + ǫ), i.e., x (n) i > 0 for i = 1, 2 and all n ≥ n 0 . This implies that for all n ≥ n 0 , x (n) , x (n+1) = 0 which contradicts the orthogonality of the sequence {x (n) } n∈N . Hence our assumption was wrong.
Therefore any O-sequence {x (n) } n∈N converging to z = (x, y), we must have that
2 ) = (0, 0) = F (x, y). for all n ∈ N. This shows that F is O-continuous at z = (x, y). This implies F is also O-continuous at θ = (0, 0). Next, we consider a sequence {y (n) } n∈N where y (n) = ( In the standard inner product space R n , one can consider the following Ocontinuous function which is not continuous. It is easy to check that the function F : R n → R n defined by F (x 1 , . . . , x n ) = , 0, . . . , 0), n ∈ N; (0, . . . , 0), otherwise.
is O-continuous at θ = (0, 0, . . . , 0) ∈ R n but it is not a continuous function. Therefore, in general we can conclude that in arbitrary inner product spaces an O-continuous function may not be a continuous function.
